CASTELNUOVO-MUMFORD REGULARITY OF SEMINORMAL 
SIMPLICIAL AFFINE SEMIGROUP RINGS 



MAX JOACHIM NITSCHE 

Abstract. We show that the Eisenbud-Goto conjecture holds for (homogeneous) semi- 
normal simplicial affine semigroup rings. Moreover, we prove an upper bound for the 
Castelnuovo-Mumford regularity in terms of the dimension, which is similar as in the normal 
case. Finally, we compute explicitly the regularity of full Veronese rings. 



1. Introduction 

Let K he a, field, and let R = K[ standard graded polynomial ring, that is, 

all variables Xi have degree 1. Let M be a finitely generated graded -R- module. By (Af ) we 
denote the i-ih local cohomology module of M with respect to the homogeneous maximal ideal 
Rj^ of R, and we set a{H\^^ {^)) '■= max |r | H^ji^ {M)r 7^ o| with the convention a(0) = —00. 
The Castelnuovo-Mumford regularity (or regularity for short) reg M of M is defined by 

regM := maxji + a{H}^^{M)) | i > o| . 

The regularity regM is an important invariant, for example, the i-th syzygy module of M 
can be generated by elements of degree smaller or equal to regM + i, moreover, one can use 
the regularity of a homogeneous ideal to bound the degrees in certain minimal Grobner bases; 
for more information we refer to the paper of Eisenbud and Goto |EG84j , and to Bayer and 
Stillman [ BS87j . So it is natural to ask for bounds for the regularity of a homogeneous ideal 
/ of R; note that regl = vegR/I + 1. Denote by codimi?// := dimK[R/I]i — dimR/I the 
codimension of R/I and by degR/I its degree. An open conjecture is 

Conjecture 1.1 (Eisenbud-Goto |EG84] ) . If K is algebraically closed and I is a homogeneous 
prime ideal of R, then 

vegR/I < degR/I — codim 

By a result of Gruson, Lazarsfeld, and Peskine [GLP83j Coniecture ll.ll holds if dim = 2. 
The Cohen-Macaulay case was proven by Treger jTre82] , and the Buchsbaum case by Stiickrad 
and Vogel [S V87] . Conjecture 11.11 also holds if degR/I < codim ii/I + 2 by a result of Hoa, 
Stiickrad, and Vogel [HSV91] . and in characteristic zero for smooth surfaces by Lazarsfeld 
|Laz87j and for certain smooth threefolds by Ran |Ran90| . Moreover, Giaimo |Gia06j showed 
that the conjecture still holds for connected reduced curves. 
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Since the Eisenbud-Goto conjecture is widely open, it would be nice to prove it for more 
cases; in the following we will consider homogeneous simplicial affine semigroup rings. A semi- 
group is called affine if it is finitely generated and isomorphic to a submonoid of (Z™, +) for 
some m G N"*". Let B be an affine semigroup. The affine semigroup ring K[B] associated to 
B is defined as the K-vector space with basis {t^ \ b £ B} and multiplication given by the 
i^-bilinear extension of t"' ■ = t""*"^. Since B is an affine semigroup we have G{B) = 
for some m G N; where G{B) denotes the group generated by B. Hence G{B) ®i M is a 
finite dimensional R-vector space with canonical embedding G{B) C G{B) (8)z given by 
X I— 7> X 1. We say that B is simplicial if the corresponding cone G{B) is generated by 
linearly independent elements, where C{X) := {X]j=i ''j^;^ | k £ N+,rj € R>o,Xj € X} for 
X C G{B) R. An element x £ B is called a unit if —x € B. We say that B is positive if 
is its only unit. In this case, the Hilheri basis Hilb(-B), that is, the set of irreducible elements 
of i?, is a unique minimal generating set of i?; an element x £ B is called irreducible if it is 
not a unit and if for x = y + z with y,z £ B it follows that y or z is a unit. Moreover, we say 
that B is homogeneous if B is positive and there is a positive Z-grading on K[B] in which 
every t^ for b € Hilb(i?) has degree 1. See [BG091 Chapter 2]. In the following we will assume 
that B is homogeneous. We will always consider the above Z-grading on i^[-B], moreover, by 
TegK[B] we mean the regularity of K[B] with respect to the canonical i?-module structure 
which is induced by the homogeneous surjective iiT-algebra homomorphism 

TT:R = K[xi,...,Xn]^K[B], 

given by Xi t"*; where Hilb(i?) = {ai, . . . ,an}- Hence R/keiir = K[B], where kervr is a 
homogeneous prime ideal of R. In case that B is simplicial we will also call K[B] a simplicial 
affine semigroup ring. 

By extending the ground field if necessary, (the inequality in) Coni ecture 11.11 holds for K[B] 
in particular if dimi^[i?] = 2, if K[B] is Buchsbaum, and if deg K[B] < codim + 2. The 
conjecture also holds if codimJC[i?] = 2 by Peeva and Sturmfels [PS98] and for simplicial affine 
semigroup rings with isolated singularity by Herzog and Hibi |HH03J. In [HS03, Theorem 3.2], 
Hoa and Stiickrad presented a very good bound for the regularity of simplicial affine semigroup 
rings, moreover, they provided some cases where Coni ecture 11.11 holds in the simplicial case. 
However, the Eisenbud-Goto conjecture is still widely open even for simplicial affine semigroup 
rings. In case that B is simplicial and seminormal (see Definition 13. ip we can confirm the 
Eisenbud-Goto conjecture for i^'[-B], we obtain the following 

Main Result (Theorem 13.141 Theorem I3.18p . Let K be an arbitrary field and let B be a 
homogeneous affine semigroup. If B is simplicial and seminormal, then 

TegK[B\ < min{dimif[S] - l,degK[B] - codim. K[B]] . 

This result is more or less well known if B is normal (see Definition 13. ip . since K[B] 
is Cohen-Macaulay in this case; see |Hoc721 Theorem 1], |BG091 Theorem 6.10], and Re- 
mark [37101 In fact, the ring K[B] is not necessary Buchsbaum if B is simplicial and seminor- 
mal, see Example [33J To prove Coni ecture 1 1 . 1 1 in the seminormal simplicial case we will use an 
idea of Hoa and Stiickrad and decompose the ring K[B] into a direct sum of certain monomial 
ideals. This becomes even more powerful in this case, since seminormality of simplicial affine 
semigroup rings can be characterized in terms of the decomposition by a result of Li |Li04) . 
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In Section[2]we will recall the decomposition of simplicial affine semigroup rings. Moreover, 
we will introduce sequences with *-property which will be useful to prove the main result in 
Section [3l Finally, we will compute explicitly the Castelnuovo-Mumford regularity of full 
Veronese rings in Section HI We set Md^a '■= {{ui, ■ ■ ■ ,Ud) € N'^ \ X^iLi = where 
d, a E N^, moreover, we define B^^^ to be the submonoid of (N'^,+) which is generated by 
Md^a- In Theorem 14.21 we will show that leg K[Bii^a] = ~ aJ • ^'^^ ^ general consideration 
of seminormal rings we refer to [SwaSOl [Tra70j . and for unspecified notation to [ BG09tlEis95j . 

2. Basics 

In the following we will assume that the homogeneous affine semigroup B is simplicial, that 
is, there are linearly independent elements ei, . . . , G C{B) such that C{B) = C({ei, . . . , 6^}). 
Without loss of generality we may assume that ei, . . . , € Hilb(-B). Consider the M- vector 
space isomorphism 99 : span({ei, . . . , 6^}) — )• M*^ where Cj is mapped to the element in N'^ 
all of whose coordinates are zero except the i-th coordinate which is equal to a for some 
a € N"^, that is, (p{ei) = (0, . . . , 0, a, 0, . . . , 0). By construction we have ^p{B) C M>q, since 
C{B) = C({ei, . . . , e^}), hence ^piB) C Q^q by the Gaussian elimination. Thus, by choos- 
ing a suitable a we may assume that ((f(Hilb(5)) C N'^, or equivalently, ip{B) C N*^. The 
affine semigroup ^{B) is again homogeneous, it follows that the coordinate sum of all ele- 
ments of ip{ILilh{B)) is equal to a, see |BG09l Proposition 2.20]. Note that we can compute 
YegK[B] in terms of Hi^^^^^{K[B]), since Hj^^{K[B]) ^ Hi^^^^^{K[B]), see [B5981 Theo- 
rem 13.1.6]; where -fC[-B]+ denotes the homogeneous maximal ideal of i^[-B]. The isomorphism 
B = (p{B) of semigroups induces an isomorphism of Z-graded rings K[B] = K[if{B)]. This 
enables us to identify a homogeneous simplicial affine semigroup B with its image ^{B) in 
N"^. Thus, we may assume that B is the submonoid of (N'^, +) which is generated by a set 
{ei,...,ed,ai,...,ac} C Md,a, where 

ei := (a, 0, ... , 0), 62 := (0, a, 0, . . . , 0), . . . , := (0, . . . , 0, a). 

Let Oj = (aj[i], . . . ,ai[d])] since a € N"*" can be chosen to be minimal, we may assume that 
the integers aj[j], i = 1, . . . , c, j = 1, . . . , d, are relatively prime. Moreover, we assume that 
c > 1, since the case c = is not relevant in our context. Note that K is an arbitrary field, 
dimX[i?] = d, and codim i^[i3] = c. Our notation tries to follow the notation in |HS03| . 

By we denote the i-th component of x and degx := {Yl'j=i ^[j])/^^ ^ ^ G{B). We 
define A:= (ei, . . . , ed) to be the submonoid of B generated by ei, . . . , e^, and we set 

Ba := {x B \ X - a i B "^a A \ {0}}. 

Note that Ba is finite. Moreover, if x ^ Ba then x + y ^ Ba for all x,y £ B. We define x ~ y 
ifx-y £ G{A) = aZ'^, thus, ~ is an equivalence relation on G{B). Every element of G{B) is 
equivalent to an element of G{B) n D, where D := {(x^i], . . . , x\^d]) £ Q'^ I < xjj] < a Vi} and 
for all x,y £ G{B) n D with x 7^ y we have x ^ y. Hence the number of equivalence classes 
/ := ^{G{B) n D) on G{B) is finite, moreover, there are also / equivalence classes on B and 
on Ba ■ By Ti , . . . , F j we denote the equivalence classes on Ba ■ For t = 1 , . . . , / we define 

ht := (minjmji] \m£Tt} ,min{m[2] | m G F^} , . . . ,mm{m[d] \ m € Tt}). 

Note that x - ht G A for all x G Tt- This shows that ht G G{B) Ci N"*. Let T := K[yi, ...,yd] 
be a standard graded polynomial ring, that is, all variables yi have degree 1. We define 
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fj := {y(^'~^t)/" I X G Ft}, where u/a := {u^i]/a, . . . ,U[^]/q) and := y^'^' • . . . • y^'"*' for 
u = {u^i], ■ ■ ■ ,U[d]) G N'^- We obtain Tt C T, and therefore It := FfT is a monomial ideal in T 
for all i = 1, . . . , / . It follows that htit > 2 (height), since gcdF^ = 1. By T-|- we denote the 
homogeneous maximal ideal of T. See |HS031 Section 2]. We have: 

Proposition 2.1 ( |HS031 Proposition 2.2]). There are isomorphisms of "Z-graded T -modules: 

(1) K[B]^®Ult{-deght). 

(2) W^^j^^^{K[B]) - ®U H^T+{It){-deght) for all i > 0. 

It follows that deg/C[i?] = /. Moreover, we have 
(2.1) leg K[B] = max {regit + deght | t = 1, ...,/} , 

where reg It denotes the regularity of It as a Z-graded T-module. This shows that the regu- 
larity of K[B] is independent of K for dim K[B] < 5 by |BH97l Corollary 1.4]. 

Remark. This decomposition can be computed by using the Macaulay2 [GS] package MONO- 
mialAlgebras [ben], which has been developed by Janko Bohm, David Eisenbud, and the 
author. In this package we consider the case of affine semigroups Q' CQcn'^ such that K[Q] 
is finite over K[Q']; the implemented algorithm decomposes the ring K[Q] into a direct sum 
of monomial ideals in K[Q']. There is also an algorithm implemented computing leg K[Q] 
in the homogeneous case, moreover, there are functions available testing the Buchsbaum, 
Cohen-Macaulay, Gorenstein, normal, and the seminormal property in the simplicial case. 
Note that this decomposition works more general, for more information we refer to [BENllj . 

Definition 2.2. For an element a; € -B we say that a sequence A = (bi, . . . , bn) has *-property 
if 6i, . . . ,6„ G {ei, . . . ,ed,ai, ...,ac} and x - bi e B,x - hi - b2 e B, . . . ,x - (Z]j=i bj) G B; 
we say that the length of A is n. Let A = (6i, . . . , 6„) be a sequence with *-property of x; we 
define x(A, i) := x — iYl)=i bj) for i = 1, . . . , n, and a;(A, 0) := x. By A^; we denote the set of 
all sequences with *-property of x with length dega;, with the convention Aq := 0. 

By construction we have ^ ^ for all x G .B \ {0}. The definition of a sequence with 
*-property is motivated to control the degree of i^[-B], the second assertion in Lemma 12.41 
illustrates the usefulness of this construction. For elements x,y £ G{B) we define x > y \i 
X[k] > y[k] for ah /c = 1,... ,d. 

Remark 2.3. Let A = (6i, . . . , bn) be a sequence with *-property of x. We get x(A, i) > x{X,j) 
for < i < J < n. Moreover, we have dega:(A,i) = degx — i for i = 0, . . . ,n. Hence for 
A G Aa; we get x(A,degx) = 0. 

Lemma 2.4. Let x G Ba \ {0} and A = (6i, . . . , 6„) be a sequence with ^-property of x. Then 

(1) x(A, i) G Ba for all i = 0, . . . ,n. 

(2) x{X,i) ^ x{X,j) for all i,i G N with < i < j < n. 

Proof. (1) Follows from construction since if y ^ Ba then y + z ^ Ba for all y,z G B. 

(2) Suppose to the contrary that x{X,i) ~ x{X,j) for some i,j G N with < i < j < n. We 

have x{X,i) > x{X,j), hence 

Ed 
t=l 

for some nt G N. Since degx(A, i) > degx{X,j) we get that > for some t € {1, . . . , d}. 
Thus, x{X,i) — et £ B and therefore x{X,i) ^ Ba which contradicts claim (1). □ 



C-M REGULARITY OF SEMINORMAL SIMPLICIAL AFFINE SEMIGROUP RINGS 



5 



Remark 2.5. Let x E i?A\{0} and A = (61, ... , 6„) be a sequence with *-property of x. Suppose 
that bj £ {ei, . . . , ed} for some j G {!,..., n}. Hence x — bj = x{\, n) + Ylk=i k^j bk ^ B 
which contradicts x G Ba- This shows that 61, . . . , € {ai, . . . , ad. 

Lemma [2.41 imphes that degx < deg — 1 for all x € Ba- This bound can be improved 
by using the following observation: 

Remark 2.6. Consider the set L = {0, oi, . . . ,ac}, by construction L C Ba- Let x £ L and 
y G Ba with x / y; suppose that x ^ y. Since < < q for alH = 1, . . . , d, we have y > x. 
By a similar argument as in Lemma 12.41 (2) we get y ^ Ba- This shows that x ^ y. 

Proposition 2.7 ( [HS031 Theorem 1.1]). We have degx < degi^'[i?] — zo^vca.K\B\ for all 
X £ Ba- 

Proof. Let x £ Ba \ {0}, and X £ Ax- By Lemma 12.41 and Remark 12.61 we get a set 

L := {0,ai, . . . ,ac} U {x(A,0), . . . ,x{X,degx- 1)}, 
with L C Ba such that y ^ z for all y,z £ L with y ^ z- Hence 

degi^[B] = f >i^L = deg2; + codimEr[B]. 

□ 

We note that this proof is a new proof of j HS03l Theorem 1.1]. We define the reduction 
number t{K[B]) of K[B] by r{K[B]) := max {degx | x £ Ba}, see [HSMl Page 129,135]. It 
follows that 

(2.2) T^iK[B]) < degK[B] - codimK[B], 

that is, the Eisenbud-Goto conjecture holds for the reduction number of K[B]. So whenever 
we have reg -ftr[-B] = t{K[B]) the Eisenbud-Goto conjecture holds. It should be mentioned 
that this property does not hold in general. Even for a monomial curve in the equality does 
not hold. For B = ((40, 0), (0, 40), (35, 5), (11, 29)) we get regK[B] = 13 > 11 = r{K[B]). 
Note that we always have i{K[B]) < vegK[B] by Equation (j2.1|) . 

Example 2.8. Consider the monoid B = ((4,0), (0,4), (3, 1), (1,3)). We have 

5a = {(0,0), (3,1), (1,3), (6, 2), (2, 6)}, 

and therefore v{K[B]) = max {0, 1, 1, 2, 2} = 2. We get 

Ti = {(o,o)},r2 = {(3,i)},r3 = {(i,3)},r4 = {(6, 2), (2, 6)}, 

and hi = (0,0), /12 = (3, l),/i3 = (l,3),/i4 = (2,2). By this we have Ii = I2 = I3 = T and 
h = {yi,y2)T, hence 

reg K[B] = max {regT + 0, regT + 1, regT + 1, reg(yi, ^2)^ + 1} = Toaax {0, 1, 1, 2} = 2. 

Lemma 2.9. Let x £ BA,t £ N^,g £ {1, . . . ,d}, and X[g] = ta. There exists a X £ such 
that (t — l)a < x(A, l)[g] < ta. 

Proof- Fix a u = {bi, - - - , bdegx) G ^x- We have x(z/, deg x) = by Remark [2. 31 hence there is a 
k £ {1, - - - , degx} with 6fc[^] > 0. Since bk £ {ai, . . . , ad by Remark 12.51 we get that < a. 
The claim follows from the fact that (feo-(i)) • • • ) &o-(degx)) ^ for every permutation a of 
{1, . . . , degx}, since x = Y.'jTi ^j- □ 

The next combinatorial Lemma will be useful to prove the Eisenbud-Goto conjecture in 
the seminormal case in Theorem 13. 181 
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Lemma 2.10. Let J C {1, ... ^d] with > 1, and let x G Ba such that = a for all 
q G J. There exists a A € A^,. with the property: for all p = 1, . . . , # J there is a q J such 
that < x(A,p)[g] < a. 

Proof. Using induction on k € N"*" with k < as well as Lemma 12.91 we get a sequence 
A = {bi, . . . , ^degx) G Aa; with the property: for all p = 1, . . . , A: there is a g E J such that 

< j;(A,p)[g] < a. In case that x(A,A;)[g] = a for some q £ J we can use Lemma \T9\ to get 
a sequence (51, • • • , gdcgx{x,k)) G Kix,k) with < (x(A, k) - gi)[g] < a, since x(A, k) G by 
Lemma 12.41 By construction it follows that 

A' = (61, . . . ,bk,gi,. . . gdegx{x,k)) s A^, 

with the property: for all p = 1, . . . , A; + 1 there is a g G J such that < x(A',p)[g] < a. 
Assume that x{X, k)[qj < a for all g € J. In this case A has already the claimed property. Fix 
a p £ {1, ... , #J}; we need to show that there is a g G J with x(A,p)[g] > and we are done. 
Suppose to the contrary that x(A,p)[q] = for all q £ J. Since degx(A,p) < degx — #J we 
get p = #J by Remark 12.31 Again by Remark 12.31 it follows that x(A, #J) = x — (X^^gj eg) 
which contradicts x G Ba, since x{\,#J) £ B. □ 

3. The seminormal case 
There are two closely related definitions: 

Definition 3.1. Let U be an affine semigroup. 

(1) We call U normal if x G G{U) and tx £U for some t £ implies that x £ U. 

(2) We call U seminormal if x G G{U) and 2x, 3x £ U implies that x £ U. 

A domain S is called seminormal if for every element x in the quotient field Q{S) of S such 
that x^,x^ G S" it follows that x £ S. Note that the ring K[U] is seminormal if and only if U 
is seminormal. This was first observed by Hochster and Roberts in jHR761 Proposition 5.32], 
provided that [/ C N'^. For a proof in the general affine semigroup case we refer to |BG091 
Theorem 4.76]. A similar result holds in the normal case, see |Hoc72l Proposition 1] and 
|BG091 Theorem 4.40]. To get new bounds for the regularity of -fir[-B], we need another 
characterization. We define the set Box(i?) := {x G -B | xjjj < a Vi = 1, . . . , d}. 

Theorem 3.2 ( |Li041 Theorem 4.1.1]). The simplicial affine semigroup B is seminormal if 
and only if Ba is contained in Box(i?). 

In case that F^ C Box(i?) for some i G {1, ...,/} we get ((x — ht)/a)^i^ £ {0, 1} for all 
X G Ft and for alH = 1, . . . , d. Thus, It is a squarefree monomial ideal in T if Ft C Box(i?). 
This shows that all ideals in the decomposition are squarefree in the seminormal case. 

Lemma 3.3. Let Fj C Box(i?) for some t £ {1, ...,/} with Fj 7^ {0}. Let x,y £ Tf, and let 

1 G N with 1 < i < d. We have 

(1) Ifx[i\ / y\i], then X[i] - G {-a, a}. 

(2) IfO< X[i] < a, then X[j] = y^^. 

(3) Ifx[ii / then X[i] G {0,a} and y^^] = a- X[i]. 

(4) We have < xyj < a and < X[fc] < a for some j, k £ {1, . . . , d} with j / k. 

(5) Ifht^] > 0, then ht[i] = X[j]. 
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Proof. (1) We have x^^ — y^^ G aZ and X[j] — yjjj € [—a, a], since < x^q,y^ij < a. Hence 
X[t\ - y[i] e {-a, a}. 

(2) We have — yjj] ^ {— Q,a} and therefore = by claim (1). 

(3) By claim (1) and (2) we have — G {—a, a} and X[j] G {0,a}. Hence yjj] = a — 

(4) Suppose that < xy] < a for exactly one j G {!,..., d}, that is, xj^] G {0, a} for all 
/ G {1, . . . , \ {]}. Hence Yl'^^i xj^] ^ aN which contradicts x £ B. If G {0, a} for all 
I = 1, . . . , d we have x ~ 0. Hence G F^, that is, Tt = {0} which contradicts our assumption. 

(5) We have < h^^^ < x^jj < a and therefore hf^^ = X[j], since hf^^ — X[j] G aZ. □ 

Proposition 3.4 ([LRIO', Theorem 2.2]). Let B be seminormal. //dimi^[i3] < 3, then the 
ring K[B] is Cohen- Macaulay. 

Proof. By [Sta78t Theorem 6.4] we need to show that = 1 for all t = 1, . . . , /. We have 
Ba Q Box(S) by Theorem 13. 2[ The case d = 2 follows from Lemma 13.31 (4) and (2). Let 
d = 3; suppose to the contrary that #F( > 2 for some t G {!,... ,/}. Let x,y G Tt with 
X ^ y. We get < X[j] = < a and < X[fc] = yj^j < a for some j, k G {1, 2, 3} with j ^ k 
by Lemma [331 (4) and (2). By Lemma [3^3] (3) we may assume that x^^ = a and yj;] = for 
I G {1, 2, 3} \ {j, k}. Hence x — ei = y G B which contradicts x G Ba- D 

Example 3.5. Proposition 13.41 does not hold for dim i('[i3] > 3. Consider the monoid 

5 = (ei, . . . , 64, (1, 1, 0, 0), (1, 0, 1, 0), (0, 0, 1, 1), (0, 1, 0, 1)) C N^ 

with a = 2. We have Ba C Box(i?), thus, B is seminormal by Theorem 13. 2i One can show 
that (0, 1, 1,0) + ei, (0 ,1,1,0) + 64 G but (0, 1, 1, 0) + 63 = (0, 1, 3, 0) ^ B. Hence K[B] 
is not Buchsbaum by |Tru83[ Lemma 3]. Let U he a seminormal positive affine semigroup. 
Note that K[U] is Cohen-Macaulay if K[U] is Buchsbaum by |BLR061 Proposition 4.15]. 

Remark 3.6. Consider an element x G Box(i?) n Ba. Since xjjj < a for all i = 1, . . . , d we 
have degx < d. On the other hand there is only one element in Box(i?) with degree d, that 
is, (a, . . . , a), but (a, . . . , a) ^ Ba- This shows that degx < d — 1. By Theorem 13.21 we get 
r(i^[5]) < d — 1 if i? is seminormal. In Theorem 13.141 we obtain a similar bound for the 
regularity of K[B] in the seminormal case. 

Definition 3.7. For a monomial m = yf^ ■ . . . ■ y'^^ in T we define degm = X]j=i Cj. Let 
I be a monomial ideal in T with minimal set of monomial generators {mi,...,ms}. Let 
F = y^^ ■ . . . ■ y^J^ be the least common multiple of {mi, . . . , ms}- We define var(/) := deg F, 
moreover, we define the set supp(I) C {1, . . . , d} by i G supp(I) if hi 7^ 0. 

Remark 3.8. Let t G {1, . . . ,/}; we note that F^ is always a minimal set of monomial gen- 
erators of It. Moreover, every monomial ideal in T has a unique minimal set of monomial 
generators. By construction we get that It is a proper ideal in T if and only if ij^Tt > 2. Since 
htlj > 2 we have var(/i) 7^ 1. Hence It is a proper ideal if and only if var(/() > 2. Moreover, 
if It is a proper ideal, then deg /it > 1, since ht G G{B) n N'' and ht 7^ 0. 

Consider the squarefree monomial ideal / = {yiy2,y2y5y6)T in T = . . . , yg]. We 

have var(/) = 4 and supp(I) = {1,2,5,6}. So supp(/) is the set of indices of the variables 
which occur in the minimal generators of a monomial ideal I in T. Note that we always have 
var(/) = #supp(/) in case that / is a squarefree monomial ideal. Hence var(/t) = #supp(It) 
if Ft C Box(S) for some i G {1, . . . , /}. 
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Lemma 3.9. Let Ft ^ Box(i?) for some t E {1, ...,/}. Then var(/j) < d — 1 — deg hf. 

Proof. Let ifVt = 1; we get var(/j) = and deg ht < d—lhy Remark l3.6l So we may assume 
that f^Tt > 2. Let x G Fj; by Lemma 13.31 (4) there are some j,k € {1, . . . ,d} with j ^ k such 
that < xjfc] < a. Hence < h^yj, hi\^^ < a, since x — ht £ A. By Lemma [331 (5) we get 
that = for all q £ supp(/t). We have #supp(It) = var(/(), since It is squarefree. Let 
J := {1, . . . ,d} \ supp(/t); we get j,k £ J and ht[q] < a for all g € J it follows that 

deg /it = - V /iju] <d-# supp(/t) = d- var(/t). 

□ 

Remark 3.10. Consider a normal homogeneous affine semigroup U. One can show that 
regi^[?7] < dimi^'[[/] — 1. This can be deduced from the proof of |HT86l Corollary 4.7] 
and [HT861 Corollary 3.8], and the fact that K[U] is Cohen-Macaulay by |Hoc72l Theo- 
rem 1] or |BG091 Theorem 6.10]. The next Theorem obtains a similar bound for seminormal 
simplicial affine semigroup rings. 

To get new bounds for the regularity of K[B] we need a general bound for the regularity 
of a monomial ideal. The following is due to Hoa and Trung: 

Theorem 3.11 ( |HT98[ Theorem 3.1]). Let I he a proper monomial ideal in T . Then 

reg / < var(/) — ht / + 1. 

Definition 3.12. We define the set T{B) C {Fi,... ,r/} by Tt G T{B) for t G {1, ...,/} if 

reg K[B] = reg It + deg ht. 

By Equation (|2.ip we obtain T{B) ^ 0. Note that the ideals and shifts corresponding to 
the elements of F(i?) are computed by the function regularityMA in j BENj . 

Proposition 3.13. Let Ft G T{B) for some t G {1, . . . , /}. //Ft C Box(S), then 

TegK[B\ < dim K[B] - 1. 

Proof. We need to show that reg It + deg ht < d — 1. In case that #Ft = 1 this follows from 
Remark 13.61 Assume that #Ft > 2; by Lemma 13.91 and Theorem 13.111 we get 

(3.1) reg/t < var(/t) - ht It + 1 < d - 1 - deg /it - 2 + 1 = d - 2 - deg /it, 

since ht/t > 2. Hence reg/t + deg /it < d — 2 and we are done. □ 

By Theorem 13.21 and Proposition 13. 131 we get the following theorem: 

Theorem 3.14. If B is seminormal, then 

TegK[B] < dim K[B] - 1. 

Note that the bound established in Theorem 13.141 is sharp. Assume a > d in Theo- 
rem 14. 2t we get reg K[Bii a] = d — 1 and of course B^ a is seminormal. Consider the 
monoid B = ((3, 0, 0), (0, 3,'o), (0, 0, 3), (2, 1, 0), (1,0, 2), (0, 2, 1), (1, 1, 1)). One can show that 
Ft = {(2,2,2)} for some t and therefore Ft C Box(/?). Using Macaulay2 [GS] we get 
reg/C[/?] = 2, hence Ft G T{B). Moreover, since (4,2,0) G Ba it follows that K[B] is not 
seminormal by Theorem 13.21 Thus, the condition in Proposition 13.131 is not equivalent to B 
being seminormal. 
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Proposition 3.15. LetVt G T {B) for some t G {1,... ,/}. IfVt C Box(B) anddi-mK[B] < 5, 
then 

leg K[B] = t{K[B]). 

Proof. We have r{K[B]) < reg K[B] by Equation ()2.ip . We show that reg/f is equal to the 
maximal degree of a generator of It- By this we get 

reg K[B] = reg It + deg ht = max {deg x \ x G Tt} , 

and hence j:{K[B]) > reg i^[-B]. Keep in mind that It is squarefree. The case ^^Fj = 1 follows 
from construction. We therefore may assume that ^Tt > 2, or equivalently, var(/t) > 2; 
note that deg /it > 1, see Remark 13.81 Let (i < 3; by Lemma 13.91 we get var(/t) < 1 which 
contradicts #Tt > 2. Let d = 5; by Lemma \3M we have to consider the cases var(/j) G {2,3}. 
Let var(/j) = 2; the ideal It is of the form It = {yk,yi)T for some A:, / G {1, . . . , 5} with k ^ I, 
since ht It > 2. It follows that regit = 1. By a similar argument we get the assertion for 
d = 4 and var(/t) = 2. Let d = 5 and var(/t) = 3. Since ht > 2 the only ideals possible are 

iti = {yk,yi,ym)T,it2 = {vkyhym)TJtz = iykyi,ykym,yiym)T 

for some k,l,m G {1, . . . , 5} which are pairwise not equal. By Theorem 13. Ill we get reg It^ = 1 
and reg It2 = reg Ip^ = 2 and we are done. □ 

By Theorem 13. 21 and Proposition 13.15) it follows that icegK[B] = r{K[B]) if i? is seminormal 
and dim < 5. Thus, the Eisenbud-Goto conjecture holds in this case by Proposition [23 
Theorem 13.181 will confirm the conjecture in any dimension in the seminormal case. Note 
that Proposition 13.151 could fail for d > Q. Let us consider the squarefree monomial ideal 
I = (2/12/2,2/32/4)^ with var(/) = 4. So reg/ = 3 is bigger than the maximal degree of a 
generator of / which is 2. 

Lemma 3.16. Let Tt C Box(i?) for some t € {1, . . . , /}. Let n G Tt and m G Tt such that 
m = y(«~^t)/a. Then 

(1) n[g] = for all q G supp(/t) \ supp(mT). 

(2) n^g] = a for all q G supp(mT). 

Proof. (1) Suppose to the contrary that there is a 5 G (supp(/t) \ supp(mT)) 7^ such that 
n[q] > 0. Since q G supp(/t) we have ht[q] = by Lemma [3^31 (5), and therefore n[q] = a, since 
ht[q] — n^g] G aZ and n[q] < a. This implies q G supp(mr) which is a contradiction. 
(2) Let q G supp(mT); we have n[g] > a. Moreover, we get n^^^ < a, since Fj C Box(i?). □ 

The above Lemma is false in general. For the affine semigroup B in Example 12.81 we have 
F4 = {(6,2), (2,6)}, that is, = (2,2), and f4 = {2/1,2/2}- For n G F4 we get that > 
for i = 1,2. But supp(/4) = {1,2} and #supp(yiT) = ^supp{y2T) = 1. As a consequence 
of the next proposition the Eisenbud-Goto conjecture holds if B is seminormal. 

Proposition 3.17. Let Tt G T{B) for some / G {1, . . . ,/}. //Ft C Box{B), then 

reg K[B] < deg K[B] - codim K[B]. 

Proof. By construction we need to show that regit + deg ht < deg K[B] — c. If #Ft = 1 
the assertion follows from Proposition 12.71 Let ^Fj > 2, equivalently. It is a proper ideal, 
see Remark 13.81 We have Ft = {ni, . . . ,n#rt} and Ft = {mi, . . . ,m^rt}; we may assume 
that mi = yK-'**)/". We set Jk := (mi, . . . ,mk)T and g{k) := var(Jfc) - ht + 1 + deg /it 
for /c G N with 1 < k < #Tt. Note that J#rt = ^t, moreover, is a (proper) squarefree 
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monomial ideal in T, since Tt ^ Box(i?), hence var(Jfc) = 7^supp(Jfc). We show by induction 
on € N with 1 < A; < that there is a set with the following properties 

(i) LkCBA. 
(ii) #Lfc > g{k) - 1. 
(in) X ^ y for all x,y with x ^ y. 
(iv) degx > 2 for all a; G L^. 

(f) =0 for all X G Lf^ and for all q G supp(/t) \ supp(Jfc). 

Let k = 1. We have ht Ji = 1 and var(Ji) + deg/it = degni, that is, ^(l) = degni. Fix a 
A G and set 

Li := {ni(A,0), . . . ,ni(A,degni - 2)}, 

clearly #Li = deg ni — l = g{l) — l, hence (ii) is satisfied and by construction we get property 
(iv). By Lemma [2.4l (1) Li C Ba which shows (i), and by Lemma [2.4l (2) property (iii) holds. 
By Lemma [3.161 (1) we get ni(A,0)[q] = for all q G supp(/j) \ supp(Ji), hence (v) holds by 
construction of Li. 

Using induction on A; < i^Tt — 1 the properties {i)-{v) hold for L^. We define the set 
J := supp(mfc+iT)\supp( Jfc). By Lemma [3.15l (2) we get = a for all q G supp(mfc+iT). 

Since Uk+i G Ba it follows that degn/c+i > #supp(mfc+ir) + 1. Moreover, since n^+ij^] = a 
for all g G J we can fix by Lemma 12.101 a A G A^^.^^ with the property: for all p = 1, . . . , #J 
there is a g G J with < nk+i{X,p)[q] < a. There could be two different cases: 

Case 1: supp( Jfc) n supp(mfe+ir) / 0. (e. g., /c = 2, J2 = {yiy2, y2yiyA)T, and ms = ymVe-) 
Set 

Lk+i := Lk U {nfc+i(A, 1), . . . , nfc+i(A, #J)}. 
In case that J = we set Lk+i ■= L^- 

(iii) By induction we get x 9^ y for all x,y G Lk with x ^ y, moreover, nk+i{X, i) 9^ nfc+i(A, j) 
for all i,j G N with < z < j < degn^+i by Lemma 12.41 (2). Fix an x ^ Lk and let 
p G {1, . . . , # J}. By property {v) = for all q G J, moreover, there is a g G J such that 
< nk+i{X,p)[q] < a, hence x ^ nk+i{X,p)- Thus, property (iii) is satisfied. This also shows 
that #Lfc+i = #Lfc + # J. 

(i) By Lemma[23](l) nfc+i(A, 1), . . . ,nk+i{X,#J) G Ba, since n^+i G 5^. 

(if) Since #supp(mfc+iT) > #J + 1 we obtain degn^+i > #J + 2. Hence (iv) holds by 
construction. 

{v) By induction xj^j = for all x £ Lk and for all q G (supp(/i) \ supp(Jfc)) ^ (supp(/() \ 
supp(Jfc+i)). By Lemma [3.161 (1) we have Uk+iiq] = for all q G (supp(/f) \ supp(mfc_|_iT)) D 
(supp(It) \ supp(Jfc+i)), hence property (v) holds by construction. 

(ii) Since supp(Jfc+i) = supp(Jfc) U supp(mfc4_ir) we get var(Jfc_|_i) = var(Jfc) + #J. We have 
ht Jfc+i > ht Jk and therefore 

g{k + l)-l<#J + var( Jfc) - ht ^ + 1 + deg ht-l = #J + g{k) - 1 < # J + #Lk = #Lfe+i. 

Case 2: supp(Jfc) n supp(mfc+ir) = 0. (e. g.. A: = 2, J2 = {yiy2, y2y?,yA)T, and 7713 = y^yeyi-) 
Note that J = supp(mfc_|_iT), in particular, #J > 1. Set 

Lfc+i := Lk U {nfc+i(A, 1), . . . , nk+i{X, # J - 1)}. 

In case that #J = 1 we set -Lfc+i := -^^fc- 

(iii) , (i), {iv), (v) Analogous, replace #J by #J — 1 in the corresponding proofs in the first 
case. Moreover, #Lk+i = i^Lk + # J — 1 by construction. 

(ii) We also have var( J^+i) = var( J^) + # J. Since supp( J^) fl supp(mfc+iT) = we get that 
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ruk+i + Jfc is a non-zero-divisor of T/Jk- Hence ht Jk+i = ht Jfc + 1 by Krull's Principal Ideal 
Theorem, see |Eis951 Theorem 10.1], and therefore 

^;(A;+1)-1 = #J+var(Jfc)-ht Jfc-l + l+deg/it-1 = #J+g{k)-2 < #J+#Lfc-l = #Lfc+i. 
By this we obtain a set L#rt with the above properties, in particular 

(ii) 

(3.2) #L#r, > 5(#rt) - 1 = var(/t) - ht It + 1 + deght - 1 > reg It + deg /i* - 1, 
by Theorem 13.111 We get a set 

L := L#rt U {0, ai, . . . , aj, 

with L C Ba such that x ^ y for all x,y ^ L with x ^ yhy (i), {Hi), and Remark 12.61 Since 
deg K[B] = f (see Proposition 12. ip we have 

degK[B]>#L'='#L#rt + c+l > regit + deght + c = TegK[B] + c. 

□ 

We therefore obtain from Theorem 13.21 and Proposition 13. 171 the following main result: 

Theorem 3.18. If B is seminormal, then 

TegK[B] < deg K[B] - codimi^[S]. 

Note that the bound of Theorem 13.181 is again sharp. For d = 2 and a > 2 we get that 
T:egK[B2,a] = [2 - f J = 1 and degK[B2,a] - codimK[B2,a] = a - (a + 1) + 2 = 1, see 
Section [H 

4. Regularity of full Veronese rings 

For X,Y CN'^ we define X + Y := {x + y \ x £ X,y e Y}, nX := X + . . . + X (n-times), 
and OX := 0. Recall that Md^a = {(^^i) • • • > Ud) G N'^ | Yli=i = Bd^a denotes the 

submonoid of (N°',+) which is generated by Md^a- For example -62,2 = ((2,0), (0,2), (1, 1)). 
We have 

(4.1) nMd,a = |(ni,...,nd) G N'^ | X^ti " ' 

hence there is an isomorphism of i^-vector spaces: K[Bd^i]na — K[Bd,a]n- It is a well known 
fact that hx[Bji]in) = ("^^7^); where hM denotes the Hilbert polynomial. This shows that 
^K[Ba.^]in) = hK[Ba,i]i^O!) = and therefore deg K[Bd^a] = c/~^ . Moreover, we get 

codimK[Bd^a\ = ("^d^^^^) ~ since i^Md^a = {°'~d-i^)- The semigroups Bd,a are normal, 
hence the ring K[Bd^a] is Cohen-Macaulay by |Hoc721 Theorem 1] and therefore = 1 for 
alH = 1, . . . , /, see ['sta78l Theorem 6.4]. It follows that 

(4.2) leg K[Bd,a]=r{K[Bd,a]), 

by Equation ()2.ip . In the following we will compute the reduction number i{K[Bd^a]) which 
can also be computed by r:{K[Bd^a]) = min {r € N | rMd.a + {ei, . . . , e^} = (r + l)Md,a}-, see 
[HS031 Page 129,135]. 

Lemma 4.1. Let r G N. The following assertions are equivalent: 

(1) rMd,a + {ei,...,ed} = {r + l)Md,a. 

(2) (r + l)a > d{a - 1). 
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Proof. (1) => (2) Assume that < (r + l)a < d{a — 1). There is an element x G N'^ with 
X[j] < a — 1 for all j = 1, . . . ,d and J2j=i ^[j] = ('^ + ^)<^- We have x G (r + l)M(i „ by 
Equation ()4.ip . Suppose that x G rM^.a + {ei, . . . , e^} we get x = x' + Cj for some x' G N'^ 
and some j G {1, . . . , d} which contradicts xy] < a — 1. Hence x ^ rMd^a + {ei, • • • > erf}- 
(2) (1) Let X G (r + l)M(i_Q,- Suppose that X[j] < a — 1 for all j = 1, . . . , d. We get 
(r + l)a = X]j=i^[j] — '^('^ ~ Thus, xyj > a for some j G {!,... and therefore 
X — Cj G rMd^a by Equation (|4.ip . Hence (r + l)M£i^Q, C rM^^a + {eii • • • > e^}) that is, 
(r + 1)M^^Q, = rMii a + {ei, . . . , e^} and we are done. □ 

Theorem 4.2. We have 

regK[Bd,a] = " • 

Proof. By Equation (|4.2p we need to show that r{K[Bd^a]) = ~ f J ■ We have 

{[d-i\+l)a>{d-j^)a = d{a-l), 

hence T{K[Bd,a]) < [d - ^\ by Lemma ICT We may assume that [d-^\ > 1. We get 

{[d-i\-l + l)a<{d-i)a = d{a-l), 

hence Tc{K[Bii^a]) > [d — — 1 hy Lemma l4. II and we are done. □ 

Example 4.3. By Theorem 14 . 2 1 we are able to compute the Castelnuovo-Mumford regularity 
of full Veronese rings. For -620,2 we know that TegK[B2o,2] = [20 — = 10. Moreover, we 
have degi^[S20,2] - codimir[52o,2] = - C^g^) + 20 = 524098. 
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